Under suitable hypotheses on the continuous delay, distributed delay, and the initial data in this paper, the large-time behavior for the 2D Navier-Stokes-Voigt equations with continuous delay and distributed delay on the Lipschitz domain is studied. The existence of pullback attractors in the non-smooth domain was obtained via verifying some pullback dissipation and asymptotical compactness for the continuous process.
Introduction
The Navier-Stokes equations essentially constitute a description of hydrodynamical systems, and the well-posedness and large-time behavior of solutions to the Navier-Stokes equations have received very much attention in the understanding of fluid motion and turbulence. For the D case, Ladyzhenskaya [] solved the uniqueness of the global smooth solutions. Based on the well-posedness of the incompressible Navier-Stokes equations (NSE), the infinite dimensional dynamical systems also was investigated. Till now there are many interesting results (the existence of global attractor, uniform attractors, pullback attractors, the structure and dimensions of attractors), the D general case can be found in [-] , and these results were studied in the regular domain. But the well-posedness of global solutions for the Navier-Stokes equations in the non-regular domain (such as the Lifchitz domain) is a difficult problem, and there are fewer corresponding results. For the D incompressible Navier-Stokes equation, Brown et al. [] constructed a stream function which will be used later in our paper to solve the non-homogeneous boundary value problems and gave the existence, dimension of global attractor.
Very recently, using an approximation of the Navier-Stokes equation (such as the NavierStokes-Voigt equation (NSVE)) to study the existence of attractor of classical NSE has become a topic generally focused on. The Navier-Stokes-Voigt system is the classical NavierStokes system with strong damping which models the dynamics of a Kelvin-Voigt viscoelastic incompressible fluid and was first introduced by Oskolkov [] as a model of the motion of linear viscoelastic fluids. More results about the well-posedness, the existence of attractor and the infinite dimensional systems, we can see [, ] . Also we mention the large-time behavior for the NSV system with delay, especially with both the continuous delay and the distributed delay, which are similar to the memory in elastic system.
The Navier-Stokes equations with delay was studied recently. In , Krasovskii [] constructed the Navier-Stokes equations with delay and obtained the well-posedness. Barbu and Sritharan [] established the existence and uniqueness of weak solutions to the Navier-Stokes equations with the forcing term containing delay in . Taniguchi [] established the existence of absorbing sets of the non-autonomous Navier-Stokes equations with continuous delay in . Caraballo and Real [-] studied the NavierStokes system with continuous delay and distributed delay and obtained the existence of global and pullback attractors for autonomous and non-autonomous cases, respectively. Marín-Rubio and Real [] investigated the Navier-Stokes equation with delay on some unbounded domain with the Poincaré inequality and obtained the pullback attractors. Garrido-Atienza and Marín-Rubio [] also studied the Navier-Stokes equations with delay on an unbounded domain and proved some results on the existence and uniqueness of solutions. In , García-Luengo et al. [] studied the D Navier-Stokes system with the convective term and external force both containing delay and proved the existence of pullback attractors.
In this paper we consider the existence of pullback attractor of the D incompressible Navier-Stokes-Voigt equation with continuous delay and distributed delay on the Lipschitz domain,
t -ρ(t), u(t -ρ(t))) +  -h G(s, u(t + s)) ds, (x, t) ∈
where ⊂ R  is a Lipschitz domain, τ = × (τ , +∞), ∂ τ = ∂ × (τ , +∞), τ h = ×
(τ -h, τ ), τ ∈ R is the initial time. ν is the kinematic viscosity of the fluid, u is the unknown velocity field of the fluid, p the pressure, and α >  a length scale parameter characterizing the elasticity of the fluid, f (t -ρ(t), u(t -ρ(t))) the external force term which contains a memory effect during a fixed interval of time of length h > , and ρ(t) a given adequate delay function. Moreover, the inhomogeneous boundary function ϕ satisfies ϕ ∈ L ∞ (∂ ),
) ds is another external force with some hereditary characteristic, and φ the initial state of delay in (-h, ) where h >  is a constant.
Inspired by [, ], we shall use the background function for the Stokes problem and some pullback dissipation, and asymptotical compactness for the continuous process via the embedding theorem to achieve the pullback attractor. The main features of our present work are summarized as follows:
() There are many results as regards the existence of attractors of NS (NSV) equations with delay on the regular domain (such as [-]), many conclusions concerning the NS (NSV) equations without delay on the non-regular domain (such as the Lipschitz domain in [] ), but less work about the existence of attractors of NSV equations with continuous delay and distributed delay on the Lipschitz domain.
() Since our problem is studied on the Lipschitz domain (not the regular domain), we use Hardy's inequality and smooth approximation functions to deal with the non-regular boundary. Defining some suitable topology spaces for the solutions and dealing with each delay term to get some a priori estimate on non-smooth domain for the pullback absorbing sets and asymptotical compactness, we conclude to the existence of a pullback attractor for (.).
The structure of this paper is the following. In Section , some preliminaries are given which will be used in sequel. The existence and uniqueness of solution for our problem are derived in Section . In Sections  and , the existence of pullback attractors for the problem (.) is derived in the appropriate topology space.
Preliminaries
| · | and (·, ·) represent the norm and inner product in H, respectively, i.e.,
V is the closure of the set E in (H  ( ))  topology, and · and ((·, ·)) denote the norm and inner product in V , respectively, i.e.,
P is the Helmholtz-Leray orthogonal projection in (L  ( ))  onto the space H, A := -P is the Stokes operator, the sequence {ω j } ∞ j= is an orthonormal system of eigenfunctions of A, and {λ j } ∞ j= ( < λ  ≤ λ  ≤ · · · ) is the eigenvalue of A corresponding to the eigenfunction {ω j } ∞ j= . We can define the power A s for s ∈ C as follows: 
where V is a Hilbert space, and v = |∇v|. Clearly, V → H ≡ H → V , H and V are dual spaces of H and V , respectively, where the injection is dense and continuous. The norm · * and · denote the norm in V and the dual product between V and V , respectively.
The bilinear form operator and trilinear form operator are defined as follows (see [] ):
where B(u, v) is a linear continuous operator from V to V which maps W into H, and
and we introduce some useful inequalities, lemmas, and definitions. Young's inequality:
The Poincaré inequality:
The Gagliardo-Nirenberg interpolation inequality:
Hardy's inequality:
Definition . Let X and Y be Banach spaces, X ⊂ Y , we say that X is compactly embedded in Y , written as 
Proof See, e.g., [] .
is equicontinuous, and for all
Proof See, e.g., [] .
Definition . Let X be a metric space, the set class
Let P(X) denote all the family of nonempty subsets of X, and D the class of all familieŝ D = {D(t)|t ∈ R} ⊂ P(X).
Definition . The processes class {U(·, ·)} is said to be pullback D-asymptotically compact if for any t ∈ R,D ∈ D and τ n → -∞, x n ∈ D(τ n ), the sequence {U(t, τ n )x n } possesses a convergent subsequence.
Definition . A family B = {B(t)|t ∈ R} ∈ P(X) is said to be pullback D-absorbing if for each t ∈ R andD ∈ D, there exists τ  (t,D) ≤ t such that
Definition . A familyÂ = {A(t)|t ∈ R} ∈ P(X) is said to be a global pullback D-attractor with respect to the processes {U(·, ·)}, if (i) A(t) is compact for any t ∈ R;
(ii)Â is pullback D-attracting, i.e.,
Theorem . Let the process {U(t, τ )} be continuous and pullback D-asymptotically compact, and let there existB ∈ D which is pullback D-absorbing with respect to {U(t, τ )}.
Then the familyÂ = {A(t)|t ∈ R} ⊂ P(X), A(t) = (B, t), t ∈ R is a global pullback Dattractor which is minimal in the sense that ifĈ = {C(t)|t ∈ R} ⊂ P(X) is closed and
Proof See, e.g., [].
Existence of solutions, uniqueness, and continuity results

Stream function
First we introduce a stream function ψ which solves the Stokes system (see [] )
and ψ satisfies
It follows that
Let ε ∈ (, c · diam( )) be a constant to be determined later, and
where η ε is in the form h(
), h is a standard bump function, and ρ ∈ C ∞ is a regularized distance bump function to ∂ . We also know
and
where
Assumptions and abstract equation
For any t ∈ (τ , T), we define u : (τ -h, T) → (L  ( ))  , and u t is a function defined on (-h, )
be three Banach spaces with the norms
respectively, and
The problem (.) can be written as the abstract form
s, u(t + s)) ds, and it satisfies
(e) f (t, u) satisfies the Lipschitz condition with respect to u: ∃L(β) >  such that
Let v = u -ψ, (.) can be reduced to the following system:
, which is also a linear continuous operator from V into V and maps W into H (see [] ).
where we assume that ψ obtain its boundary values in sense of non-tangential
Existence of solutions and uniqueness
We shall give the main result in this section.
, and the assumptions (a)-(h) hold, then there exists a unique global weak solution of (.) which satisfies
Proof We first use the standard Faedo-Galerkin method to establish the existence of a solution to (.).
Fix n ≥ , we define an approximate solution v n to (.) as v n (t) = n j= a nj (t)w j , which satisfies
We estimate each term on the right side of (.) in the following. Using Hardy's inequality, we obtain
and choose suitable ε such that
By the Young inequality, the Hölder inequality, Hardy's inequality, the Cauchy inequality, and the property of the trilinear operator, we derive
, we have
Integrating (.) over [t, t + ], we obtain
That is,
. Using the Alaoglu compact theorem, we can find a subsequence (still written as v n without confusion) such that
Next, we prove that
is uniformly bounded in L  (τ , T; V ). Since
and v n ∈ L  (τ , T; V ), we derive that -νAv n , α  v nt , g n ∈ L  (τ , T; V ), and
Similarly, we have
is uniformly bounded in L  (τ , T; V ). By the compact embedding theorem, we also have it is easy to check that u is the weak solution of (.) which satisfies (i), (ii), and (iii). Suppose that u  and u  are two solutions to (.) with stream functions ψ  and ψ  , re-
We claim that (.) holds for any v ∈ V . In fact, from the condition (ii), we have
which implies (.) holds for any v ∈ V . , T) ) and v(·, τ ) = , we derive v =  which means the uniqueness of solution holds.
Continuous dependence of initial data
Consider the two solutions u(·) and v(·) to problem (.) with corresponding initial data (u τ , φ  ) and (v τ , φ  ), respectively. Let w = u -v, then w satisfies the problem , w) , we obtain the abstract form
Multiplying (.) by w, we derive
and integrating (.) over [τ , t] , we obtain
, neglecting the integrating term on left side of (.), putting s ∈ (t -h, t) instead of t and using the Gronwall inequality to (.), we see
Similarly, using the Poincaré inequality, we get
This implies the continuous dependence on the initial data for the solution which generates a continuous process {Ũ(·, ·)}.
Existence of absorbing sets
In this section we shall derive the existence of pullback absorbing sets for the D NavierStokes-Voigt equations with continuous delay and distributed delay on the Lipschitz domain. From Theorem ., we obtain the processŨ(·, τ ; (
H is a Hilbert space, and the corresponding norm can be defined as
To derive the existence of pullback attractor, we need to prove the existence of pullback absorbing set ofŨ(·, τ ; (v τ , φ)) in C V first of all thus: 
Similar to the proof of Theorem ., we get
which implies
Choosing σ ∈ [-h, ], and substituting t with t + σ , we have 
Next, we shall estimate term by term the right side of (.).
Choosing a suitable m >  such that
and integrating (.) over [τ , t] , we obtain
Integrating (.) over [t, t + ], we obtain 
Existence of pullback attractor
The main result in the paper can be stated as follows. show that the process {Ũ(·, ·)} is asymptotically compact in C V . From the fundamental existence theory of pullback attractors (see, e.g., [, ]), the process {Ũ(·, ·)} generated by the system (.), which is equivalent to (.), possesses a pullback attractor in C V .
